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bon nanotube (SWCNT) embedded in visco-Pasternak foundation and conveying nano-magnetic
viscous ﬂuid (NMF) based on nonlocal elasticity theory and Euler–Bernoulli beam model. The ﬂuid
is two-phases due to the existence of magnetic nanoparticles which its volume fraction is much little
in comparison with the base ﬂuid where the inﬂuence of 2D magnetic ﬁeld is taken into account.
Also, Knudsen number is used to correct the velocity proﬁle of ﬂuid. The Galerkin method is
applied to solve the equation of motion which is obtained by employing Hamilton’s principle.
The detail parametric study is conducted, focusing on the combined effects of carbon nanotube
and Y-shaped junction ﬁtted at the downstream end, ﬂuid velocity, Knudsen number and elastic
medium. The results indicate that increasing the angle between centerline of the CNT and the down-
stream elbows decreases stability of system.
 2014 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
After the discovery of carbon nanotubes (CNTs) by Iijima [1],
many experimental and theoretical investigations of CNT-
based multi terminal structures, namely, junctions of L, X,
Y, and T-types, have been carried out [2–4]. It has been shownthat such structures can be used as nanotransistors and nanod-
iodes. Y junctions were fabricated with a stem exceeding the
branches in diameter and with an acute angle between them.
A Y-shaped single-wall carbon nanotube(Y-SWCNTs) is a
novel structure consisting of three terminals with different chi-
rality [5]. Y-SWCNTs have a potential to realize the nanoscale
three-terminal devices where the third terminal could be used
for controlling the switching, power gain, or other applications
[6,7]. Results showed that the junctions have high thermal
stability and mechanical strength which made CNT junctions
as one of the most important devices to improve the future
of nanoscale structures [8]. Therefore in recent years the syn-
theses of CNTs and carbon nanorods (CNRs) with Y or T
branched junctions have become a focus in carbon material
research because of their potential ability to bring novel
mechanical, electrical, thermal properties to nanodevices [9].
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structure of the nanostructure, especially the study of Y-junc-
tions which is still in its infancy.
The use of CNTs as nanoscale pipes or tubes holds interest-
ing potential and is important. This could include use of CNTs
for drug delivery, replacement or repair the blood vessels of the
body. Therefore ﬂuid motion through nanotube is important
for many established and developing technologies and the
understanding the problem of ﬂuid motion through nanoscale
pores is central to the utility of use the nanotube. A current
area of research by Zhao et al. [10] used nanotubes as scaffold-
ing between broken bones to assist the body in repairing the
break. Other possibilities are in the detection and treatment
of cancer. Research by Kam and Dai [11] indicates that the
CNTs may have the possibility to transport the protein across
cell membranes in an effort to ﬁght against cancer.
Currently there is a great deal of theoretical and experimen-
tal researches of CNTs. Results of experimental researches are
highly sought. The technical challenge and expense of testing
at the nanoscale is limiting the availability of this information.
This has forced researches to use theoretical models to predict
the properties of nanotubes. There are two categories of model-
ing, atomistic and continuum mechanics. Some types of atomis-
tic modeling include classical molecular dynamics (MD) [12,13]
and tight-binding molecular dynamics (TBMD) [14,15]. The
large computational requirements of atomic and molecular
models have encouraged some researchers to use models based
in continuum mechanics. Much of this research is focused on
using Euler–Bernoulli or Timoshenko-beam models to predict
the vibrations of single and multiwall CNTs. The several types
of elasticity theories, modeled as an elastic cylindrical tube, have
been used to study the physical properties such as vibration
responses and stability of CNTs [16,17]. In order to the mechan-
ical modeling of these structures, the higher-order continuum
theories, such as partial nonlocal elasticity, exact nonlocal elas-
ticity, modiﬁed couple stress, strain gradient elasticity and sur-
face elasticity theory has been recently employed.
Based on the partial nonlocal elasticity beam model, Khod-
ami Maraghi et al. [18] investigated the nonlinear vibration
and instability of embedded double-walled Boron Nitride
nanotubes (DWBNNTs) conveying viscose ﬂuid. Their results
showed that for the DWBNNTs, the nonlocal theory predic-
tions for the natural frequency are lower than that of the clas-
sical theory. Chang and Liu [19] investigated the instability of
double-walled carbon nanotubes (DWCNTs) conveying ﬂuids
based on nonlocal elasticity theory. Their results show that the
critical ﬂow is closely correlated to the ratio of the length to the
radius of carbon nanotubes, the pressure of the ﬂuid and the
small size effects. Wang [20] studied the vibration and instabil-
ity of nano and micro-beams conveying ﬂuid using nonlocal
elastic theory. He developed a nonlocal Euler–Bernoulli elastic
beam model for his analysis and used the differential quadra-
ture method to solve the problem. He achieved the natural fre-
quencies and critical ﬂow velocities for the cases of simply
supported and cantilevered systems and demonstrated that
the natural frequencies are generally decreased with increasing
values of nonlocal parameter for the supported and cantile-
vered systems. In another attempt, Ghorbanpour Arani et al.
[21] investigated the nonlinear nonlocal vibration and buckling
of ﬂuid-conveyed micro-tube reinforced by Boron-Nitride
nanotubes (BNNTs) under electro-thermo-mechanical load-
ings embedded in an elastic medium. The smart micro-tubeis modeled as a thin shell based on the nonlinear Donnell’s
shell theory; their results indicate that increasing mean ﬂow
velocity considerably increases nonlinearity effects so that
small scale and temperature change effects become negligible.
Lee and Chang [22] studied the effects of ﬂow velocity on
the vibration frequency and mode shape of the ﬂuid-conveying
SWCNTs. They demonstrated that the frequency and mode
shape are signiﬁcantly inﬂuenced by small scale effect; also
they indicated that with increasing the nonlocal parameter,
the natural of frequency decreases. Chang [23] investigated
the thermal-mechanical vibration and buckling instability of
a SWCNT conveying ﬂuid. Based on nonlocal theory he used
an elastic Euler–Bernoulli beam model to develop the SWCNT
and adopted the ﬁnite element method to obtain the numerical
results. His results showed that increasing the parameters of
elastic medium increases both the fundamental natural fre-
quency and critical ﬂow velocity. Yan et al. [24] also scruti-
nized free vibration of the SWCNT conveying ﬂuid ﬂow
based on a double shell-potential ﬂow model. In this work
water is divided into the absorbed layer of water molecules
and the water ﬂow in the center of the SWCNT. Their results
revealed that the ﬂow velocity of water plays an important role
in the instability of system whereas it has very little inﬂuence on
the dynamic characteristics of the SWCNT. In a recent work
Kiani [25] purposed a mathematical model to investigate the
vibration behavior of simply supported of an inclined SWCNT
subjected to a viscous ﬂuid ﬂow. The interaction of the inside
ﬂuid ﬂow is taken into account with the equivalent nonlocal
continuum beam model of the SWCNT via a slip boundary con-
dition. Kaviani and Mirdamadi [26] suggested a modiﬁed beam
model for assessing slip boundary conditions on the free vibra-
tion of ﬂuid-conveying CNTs. For this aim they applied the
effects of 2D magnetic ﬁeld at their formulation and demon-
strated that the slip boundary conditions are signiﬁcant.
This research develops a theoretical model for NMF includ-
ing the base ﬂuid and nanoparticles which treats as a two-com-
ponent non-homogeneous mixture, like what introduced by
Buongiorno [27]. A scrutiny of previous researches shows that
there was no work on the vibration and stability of Y-SWCNT
conveying ﬂuid. Y-SWCNTs have great practical importance
especially in engineering applications. Also the problem of
vibration analysis of Y-SWCNTs conveying viscose ﬂuid
becomes more useful in medical ﬁelds and nanodevices. Moti-
vated by these considerations a SWCNT conveying ﬂuid with
the Y-shape junction piece at the downstream end is investi-
gated in this paper. By using the cantilever nonlocal Euler–
Bernoulli beam theory and Hamilton principle and applying
the Galerkin method, the equation of motion and numerical
results are obtained. The inﬂuences of the Y-junction piece
at the downstream end, slip boundary condition, ﬂuid viscosity
and Pasternak foundation are presented graphically.
2. Basic formulations
In this work, a ﬂuid-conveying SWCNT with Y-shaped junc-
tion ﬁtted at the downstream end is considered. The angle u
between the centerlines of the SWCNT and Y-shaped junction
varied from 0 to p/2. In this study, Y-shaped SWCNT convey-
ing ﬂuid can be simpliﬁed as a cantilever or clamped-clamped
beam with length L, circular cross section At, inner radius Ri
and thickness h that carrying two concentrated masses me
(mass point of the Y-shaped junction) and mfe (mass point of
Figure 1 Schematic of an embedded Y-shaped SWCNT con-
veying ﬂuid.
Nonlocal vibration of Y-shaped CNT conveying nano-magnetic viscous ﬂuid under magnetic ﬁeld 567the ﬂuid inside the Y-shaped junction) at the one side as shown
in Fig. 1.
In view of considering the transverse vibration in this work,
the displacement ﬁeld in x–z plane and at any point in the body
based on Euler–Bernoulli beam theory is as follows:
~Uðx; z; tÞ ¼ z @wðx; tÞ
@x
; ~Wðx; z; tÞ ¼ wðx; tÞ; ð1Þ
where ~Uðx; z; tÞ and ~Wðx; z; tÞ are axial and transverse dis-
placement components in the middle surface, respectively.
2.1. Nanomagnetic ﬂuid (NMF) interactions subjected to 2D
magnetic ﬁeld
In this work assumed that the transmission ﬂuid has magnetic
properties therefore carbon nanotube conveying NMF
affected by the magnetic ﬁeld. The ﬂuid is two-phase due to
the existence of magnetic nanoparticles which its volume frac-
tion is much little in comparison with the base ﬂuid. A cylindri-
cal–dimensional coordinate frame has been selected. In this
section the applied forces and moment on nanotube and ﬂuid
due to 2D external magnetic ﬁeld, B ¼ Bo cos c~iþ Bo sin c~k, are
obtained. According to Maxwell’s equations, the volumetric
force applied on carbon nanotubes given as follows:
qB
t ¼ 1
lp
rr ðU BoÞ  Bo; ð2Þ
where Bo; lp and U are the permanent primary magnetic ﬁeld,
magnetic permeability of nanotube and displacement ﬁeld,
respectively. This force is named Lorentz force which can be
written as follows:
qB
t
z ¼
Z
At
qB
t
z dA
t: ð3Þ
Moment generated by these forces is expressed as follows:
MB
t
x ¼
Z
At
zqB
t
x dA
t: ð4Þ
Sum of the applied forces on nanotube from magnetic ﬁeld
are written as follows:
qB
t
tz ¼ qB
t
z þ
@MB
t
x
@x
¼ B
2
o cos
2 cAt
lp
@2w
@x2
 B
2
o sin
2 cIt
lp
@4w
@x4
: ð5Þ
It is clear when the magnetic ﬁeld has no component in
transverse direction, there is not any moment and axial force
on nanotube except
B2o cos
2 cAt
lp
@2w
@x2
k.According to the most transport phenomena books [28],
four correlations including two mass equations, one momen-
tum equation, and one energy equation can be written for
two-component mixtures as following [27]:
r U ¼ 0; ð6aÞ
@/
@t
þU  r/ ¼  1
qp
jp; ð6bÞ
qc
@T
@t
þ v  rT
 
¼ r  qþ hp  jp; ð6cÞ
qf
dU
dt
¼ rpþ ler2Uþ J B; ð6dÞ
where U is the nanoﬂuid velocity vector. Eq. (6a) is identical
to the continuity equation for a pure incompressible ﬂuid. In
the continuity equation nanoparticles (6b), / is the nanopar-
ticles volumetric fraction, t is time, qp is the mass density of
nanoparticle and jp is the diffusion mass ﬂux for the nanopar-
ticles. Regarding the nanoparticle continuity equation, it is
assumed that the Brownian diffusion ﬂux and thermo-phoret-
ic diffusion ﬂux do not exist. Moreover, the gradient of nano-
particles volumetric fraction is independent of time and the
diffusion mass ﬂux has been ignored according to following
assumption:
 Incompressible ﬂow.
 Newtonian ﬂow.
 Magnetic ﬁeld of strength (Bo) is uniform.
 Dilute mixture /  1.
 Non-depletion nanoparticles in three dimensional.
 Nanoparticles uniformly dispersion in three dimensional.
Therefore the continuity equation for the nanoparticles can
be written as U  r/ ¼ 0.
Since the temperature effects have not been considered in
this research, then Eq. (6c) is not used.
In the fourth equation of this series, qf; le are the effective
density and viscosity of NMF. The last terms in momentum
equation are called Lorentz force that applied on NMF from
external magnetic ﬁeld in which J is the electric current density
vector and introduced J ¼ rðU BÞ where r is the conductiv-
ity of the NMF. Also, viscosity and conductivity of magnetic
nanoﬂuid are calculated with considering the nanoparticle vol-
ume fraction like Ref. [29].
The above discussion and assumptions develop the modi-
ﬁed Navier–stokes equations (momentum equations for
NMF under 2D uniform magnetic ﬁeld) with considering mag-
netic effects of nanoparticles. In the incompressible ﬂow, the
slip ﬂow regime in the transition of ﬂuid inside nanotube
and ﬂuid ﬂow obeys the continuum mechanics. Then, the slid-
ing layer thickness between the nanotube and ﬂuid is assumed
to be zero. This means that the ﬂuid is continuous. But the slip
of ﬂuid on carbon nanotube wall cause to change the ﬂuid
velocity proﬁle.
By considering the steady-state ﬂow, the transient and iner-
tia terms can be neglected in Eq. (6d), so the relationship
between applied force on the NMF, magnetic ﬁeld and viscos-
ity can be written as follows:
Figure 2 The control volume of ﬂuid ﬂow at the Y-SWCNT end.
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f
z ¼ rB2o cos2 cAf
@w
@t
þ nU @w
@x
 
þ leAf @
2
@x2
@w
@t
þ nU @w
@x
 
; ð7Þ
where U and n are the no-slip ﬂow velocity and correction
factor velocity due to slip boundary condition.2.2. Inﬂuence of slip conditions on the velocity proﬁle of NMF
For solving the problem of NMF ﬂows, a dimensionless
parameter which is called Knudsen number is deﬁned and used
to correcting the velocity proﬁle of ﬂuid. Navier–stokes equa-
tion is valid for Kn < 0:01 and non-slip assumption is true. By
considering the assumption of zero slip layer thickness, the
Navier–Stokes equation can be used to analyze the ﬂuid ﬂow.
Since the ﬂuid is incompressible, the continuum mechanic can
be used. According to above deﬁnition, Eq. (6–4) is rewritten
as follows for longitudinal direction:
1
le
dp
dx
¼ @
2UðrÞ
@r2
þ 1
r
@UðrÞ
@r
 rB
2
z
le
UðrÞ: ð8Þ
It can be said transverse magnetic ﬁeld is effective on ﬂuid
velocity proﬁle. Solving Eq. (8), with considering boundary
condition at the ﬂuid-SWCNT interface at r ¼ Rin, ﬂuid veloc-
ity distribution is obtained as follows:
UðrÞ ¼
Io
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
r
 
Io
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
Rin
 
þRin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
2rv
rv
Kn
1bKn I1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
Rin
 
2
64
3
75
 1
2
666666664
3
777777775
p
f
;
ð9Þ
where p ¼ dp
dx
; f ¼ rB2z , and r is the radius of nanotube. The
relationship between the bulk viscosity and effective viscosity
is l
o
le ¼ ½1þ aKn and a ¼ 0:864 tan1ð4Kn0:4Þ [26].
The results show that the ﬂuid velocity proﬁle obeys form
Bessel function when the magnetic ﬁeld is effective and, in
the absence of magnetic ﬁeld has parabolic shape.
To express the inﬂuence factor of magnetic ﬁeld on the
velocity proﬁle changes, the average of ﬂuid velocity in both
slip and non-slip cases is calculated in the presence of magnetic
ﬁeld. Then it can be presented by correction factor velocity as
follows:n ¼ U
S
ave
UNSave
¼
16lo32I1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
Rin
 
Rin 3f
3
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aKnp
Io
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
Rin
 
þ
Rin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
2rv
rv

Kn
1bKn I1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þaKn
lo f
q
Rin
 
2
66664
3
77775
þ 8l
o
fRin 2
:
ð10Þ
Noted that ignoring the magnetic ﬁeld of ﬂuid in Eq. (8)
(i.e. Bz ¼ 0), the correction factor velocity can be written as
[26]:
n ¼ U
S
ave
UNSave
¼ ð1þ aKnÞ 4 2 rv
rv
 
Kn
Knþ 1
 
þ 1
 
: ð11Þ2.3. Interaction of NMF at junction point
In order to obtain the work done by tensile force due to the
ﬂuid ﬂow at the downstream junction, consider the control
volume of ﬂuid ﬂow shown in Fig. 2. The forces applied to
the ﬂuid along the axial and transverse directions fx and fy
can be obtained by employing the famous momentum equa-
tion for the incoming ﬂuid ﬂow at section 1-1 and out coming
ﬂuid ﬂow at sections 2-2 and 3-3 as:X
Rx ¼ 0 ) f x
¼ q fQ1ðU1Þx  q fQ2ðU2Þx  q fQ3ðU3Þx
¼ q fQ1ðU1Þx  2q fQ2ðU2Þx
¼ q fQ1ðU1Þx  q fQ1ðU2Þx ¼ q fQ1ðU1 U2Þx
) fx ¼Mff2U2½1 cosu; ð12aÞ
X
Ry ¼ 0 ) fy
¼ qfQ3ðU3Þy þ qfQ2ðU2Þy  qfQ1ðU1Þy
¼ qfQ3U1 sinuþ qfQ2U1 sinu ¼ 0; ð12bÞ
where Qiði ¼ 1; 2; 3Þ and Uiði ¼ 1; 2; 3Þ are the volume ﬂow
rate and mean ﬂow velocity at the relevant section.
2.4. Inﬂuence of Kelvin voigt–Pasternak foundation
This model consists of a normal spring, a shear layer and a
damper in parallel. The total reaction pressure from this foun-
dation expressed as follows:
qem ¼ kww Gsr2wþ c @w
@t
; ð13Þ
where kw; Gs and c are the Winkler constant or spring stiff-
ness, shear modulus and damping coefﬁcient, respectively.3. Governing equation
Considering the small transverse motion about the equilibrium
position of a Y shaped SWCNT structures conveying NMF,
supported with a visco-Pasternak foundation and subjected
to 2D magnetic, the equations of motion and boundary condi-
tions can be derived via Hamilton’s variational principle that
might be formulated as:
Nonlocal vibration of Y-shaped CNT conveying nano-magnetic viscous ﬂuid under magnetic ﬁeld 569Z t
0
½dU dK dVdt ¼ 0; ð14Þ
where dU indicates the variation of the elastic strain energy, dK
represents the variation of the kinetic energy of Y-shaped
SWCNT and ﬂuid ﬂow, dV denotes the virtual work done by
both external and viscous dissipative forces due to inﬂuences
of magnetic ﬁeld and visco-Pasternak foundation to Y shaped
SWCNT conveying NMF.
The variation of strain energy of SWCNT is simply:
dU ¼ 1
2
Z L
0
Z
At
rxxdexdxdAt ¼ 1
2
Z L
0
Mnlx
@2dwðx; tÞ
@x2
dx: ð15Þ
The variation of kinetic energy of the Y-shaped SWCNT
conveying ﬂuid can be written as:
dK ¼ 1
2
Z L
0
Z
At
qt
@d ~U
@t
 2
þ @d
~W
@t
 2" #
dAtdx
þ 1
2
Z L
0
Z
Af
qfd U2x þU2z
	 

dxdAf
þ 1
2
Z L
0
med dðx LÞ @
~U
@t
 2
þ @
~W
@t
 2" #" #
dx
þ 1
2
Z L
0
mfed U2x þU2z
	 

dðx LÞ dx; ð16Þ
where qt; qf; Af are the mass density of the Y-shaped, the
mass density of the NMF and cross sectional area of the ﬂuid
ﬂow respectively. d is the Dirac delta function, Ux ¼ fU and
Uz ¼ @w@t þ fU @w@x. The virtual work done by both external and
viscous dissipative forces due to inﬂuences of magnetic ﬁeld
and visco-Pasternak foundation to Y shaped SWCNT convey-
ing NMF can be rewritten as:
dV ¼
Z L
0
rB2o cos2 cAf
@w
@t
þ nU @w
@x
 
þ leA f @
2
@x2
@w
@t
þ nU @w
@x
 
þ B
2
o cos
2 cAt
lp
@2w
@x2
 B
2
o sin
2 cIt
lp
@4w
@x4
þMff2U2½1 cosu @
2w
@x2
þ kww
Gs @
2w
@x2
þ c @w
@t

dwdx: ð17Þ
Substituting Eqs. (15)–(17) into Eq. (14), integrating by
part, setting the coefﬁcients of dw to zero and considering
the linear terms leads to the following differential equation
of motion as:
@
2Mnly
@x2
þB
2
o sin
2 cIt
lp
@4w
@x4
þ½mtþMfþðmeþmfeÞdðxLÞ@
2w
@t2
½qtItþqfIf @
4w
@t2@x2
þ2½MfþmfedðxLÞfU @
2w
@t@x
þ mfedðxLÞf2U2B
2
o cos
2 cAt
lp
þMff2U2 cosuGs
" #
@2w
@x2
þnU@w
@x
þkwwþ cþrB2o cos2 cAf
 @w
@t
leAf @
3w
@t@x2
þnU@
3w
@x3
 
¼ 0;
ð18Þ
where If ¼
R
Af
z2dAf.3.1. Nonlocal elastic beam model
The nonlocal elastic theory is a semi-empirical theory based on
the atomic theory and experimental observations. It assumes
that stress, at each point of a continuum body is dependent
not only on the strain at those points but also on strain at
all neighboring points of the body. For a homogeneous, isotro-
pic material, Eringen [30] proposed the following constitutive
equation to express the nonlocal stresses rnlx
	 

in terms of the
classical stress rlx
	 

in the integral form as:
rnlij ðxÞ ¼
Z
v
aðjx x0j; sÞrlijdVðx0Þ; 8x 2 V: ð19Þ
aðjx x0jÞ is the kernel function with the dimension of length,
normalized over the volume V of the body and denote the non-
local weight function into the constitutive equation. jx x0j
the Euclidean distance and s is the material constant that
depends on internal and external characteristic lengths. Hence,
the well-known relation of the nonlocal stresses tensor in terms
of the classical stress is expressed as [31]:
½1 ðeoaÞ2r2rnlij ¼ rlij; ð20Þ
where eo is a material constant deﬁned by the experimental
result, a denotes an internal characteristic length (e.g. the
length of a C–C bond, lattice spacing, granular distance) and
r2 is the Laplacian operator.
Based on the nonlocal Euler–Bernoulli beam theory, the
nonlocal stresses is expressed as [31]:
rnlx  l
@2rnlx
@x2
¼ rlx ¼ zE
@2w
@x2
; l ¼ e2oa2: ð21Þ
By using the Mnlx ¼
R
At
zrnlx dA
t moment resultant can be
written as follows:
Mnlx  l
@2Mnlx
@x2
¼ EI @
2w
@x2
: ð22Þ4. Motion equations
It is convenient to introduce the following non-dimensional
parameters for generality of the solution as:
x ¼ x
L
; w ¼ w
L
; s ¼ t
L2
EIt
Mf þmt
 1
2
; l ¼ l
L2
;
b ¼ M
f
Mf þmt
 1
2
;Mf ¼ m
fe
LMf
 1
2
; bfe ¼
mfe
L MfðMf þmtÞ 12 ;
bT ¼
me þmfe
LðMf þmtÞ
 1
2
;U ¼ fUL M
f
EIt
 1
2
; le ¼ l
eAf
EItMf
 1
2
;
c ¼ cL
2
ðMf þmtÞEIt 12 ; r ¼
qtIt þ qfIf
L2 Mf þmt	 
 ;Bt ¼ BoL A
t
lpEI
t
" #1
2
;
Bf ¼ BoL rA
f
EItMf
 1
2
; Gs ¼ GsL
2
EIt
; kw ¼ kwL
4
EIt
:
ð23Þ
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Figure 3 Dimensionless natural frequency versus dimensionless
ﬂuid velocity for different values of angle between the centerline of
the CNT and the downstream elbows.
570 A. Ghorbanpour Arani, M.Sh. ZareiSubstituting Eq. (22) into Eq. (18) and using Eq. (23), the
following dimensionless motion equation can be written as:
a1
@6 w
@x6
þ a2 @
5 w
@x5
þ a3 @
6 w
@s2@x4
þ a4 @
5 w
@s@x4
þ a5 @
4 w
@x4
þ a6 @
3 w
@x3
þ a7 @
4 w
@s@x3
þ a8 @
2 w
@x2
þ a9 @
3 w
@s@x2
þ a10 @
4 w
@s2@x2
þ a11 @
2 w
@s@x
þ a12 @
3 w
@s2@x
þ a13 @ w
@s
þ a14 @
2 w
@s2
þ a15 w ¼ 0; ð24Þ
where a1; a2; . . . ; a15 are constant coefﬁcients which are deﬁned
in Appendix A.
5. Solution method
In this article, the Galerkin method is used to solve the govern-
ing equation of motion, since it gives better discernment for
analyzing the vibration and dynamic problems of ﬂuid convey-
ing nanotubes. Therefore, the following relation can be written
as [32]:
wðx; tÞ ¼
XN
i¼1
ui xð ÞTi tð Þ; ð25Þ
in which Ti tð Þ is generalized coordinate and ui xð Þ is the
orthogonal function which should satisﬁes the boundary con-
ditions. Consequently, substituting Eq. (25) in to Eq. (24)
and using the Galerkin method yields:
½M @
2Ti
@t2
þ ½C @Ti
@t
þ ½KTi ¼ 0; ð26Þ
where ½K; ½C and ½M are the stiffness matrix, damping
matrix and mass matrix. The frequencies obtained from the
solution of Eq. (26) are complex and containing both real
and imaginary parts due to the damping effect. The real part
is corresponding to the system damping whereas the imaginary
part representing the natural frequency of the system.
6. Numerical results and discussion
In this section numerical results are illustrated and discussed.
The effects of viscose ﬂuid ﬂow, the angle between the center-
line of the CNT and the downstream elbows, Pasternak elastic
medium, small scale parameter and vibrational mode are also
indicated. The results presented here are based on the follow-
ing data used for geometry and material properties [33]
Young’s modulus of E ¼ 1 TPa, the inner radius
Ri ¼ 3:4 nm, the thickness h ¼ 0:34 nm and b ¼ 0:5,
bf ¼ 0:01 and bfe ¼ 0:02.
Fig. 3 shows the effect of the angle between centerline of the
CNT and the downstream elbows (/) on the dimensionless
natural frequency versus dimensionless average ﬂow velocity
for the ﬁrst mode. It is seen that the dimensionless natural fre-
quency decreases parabolically with increasing average ﬂow
velocity which implies that the system is stable in this region.
When the natural frequency becomes zero, dimensionless crit-
ical ﬂow velocity Ud is reached, which the system loses its sta-
bility due to the divergence via a pitchfork bifurcation.
Therefore, system stability is decreased with increasing the
average ﬂow velocity. Thereafter, as can be seen from Fig. 3,
in the region of Ud < U < Ur, system remains unstable since
the natural frequency is equal to zero. When the average ﬂowvelocity reaches Ur, the system regains its stability; indeed, the
system restabilized at Ur. As the ﬂow velocity is increased the
sequence of the divergence, restability and ﬂutter is reiterated.
Moreover, Fig. 3 illustrates that increasing the / decreases the
value of Ud while it increases the Ur signiﬁcantly for the spec-
iﬁed values of b; bfe and bf. Hence, in this state, increasing the
angle between the centerline of the CNT and the downstream
elbows decreases the stability of the system.
Fig. 4a–c demonstrates the relationship between the dimen-
sionless damping frequency versus dimensionless natural fre-
quency for the lowest four modes which are obtained by
/ ¼ 0; / ¼ p=4 and / ¼ p=2, respectively. For a system with
/ ¼ 0, since the mass of downstream elbows and ﬂuid ﬂow is
small and the ﬂuid ﬂow goes straight along the length of
CNT, the system can be assumed as a cantilevered nanotube
without any junction. However, it can be seen from Fig. 4a
that ﬂutter occurs at the third mode when the ﬂuid velocity
is equal to 9.1127 which is higher than critical ﬂuid velocity
occurs at the ﬁrst mode (Ud ¼ 3:288). For a cantilevered nano-
tube with / ¼ p=4, it can be concluded that the critical ﬂuid
velocity occurs at the ﬁrst mode at Ud ¼ 2:972. From Fig. 4b
it is clear that ﬂutter does not occur at any mode, therefore
in this case ð/ ¼ p=4Þ system is more stable than the previous
case ð/ ¼ 0Þ. Furthermore, results obtained from Fig. 4c are
slightly the same as those obtained from Fig. 4b. For
/ ¼ p=2 as can be seen from Fig. 4c, the lowest three mode
numbers are almost stable except at Ud ¼ 2:656 for the ﬁrst
mode, where the average ﬂuid velocity becomes critical.
Dimensionless natural and damping frequencies with
respect to dimensionless average ﬂow velocity for different
Knudsen number are plotted in Fig. 5a and b, respectively.
It can be found that the dimensionless critical average ﬂow
velocities of the system Ud; Ur and Uf decreases with increas-
ing Knudsen number. Also it is seen from Fig. 5a and b that
the dimensionless natural frequency is decreased as the Knud-
sen number is increased. Hence, the frequency is signiﬁcantly
inﬂuenced by the Knudsen number and the small-size effects
of the ﬂow ﬁeld on the stability characteristics of the nano-
tubes cannot be ignored.
In realizing the inﬂuence of viscosity of the ﬂuid ﬂow,
Fig. 6a and b, shows how dimensionless natural frequency
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Figure 5 (a) Dimensionless natural frequency versus dimension-
less ﬂuid velocity for different values of Knudsen number. (b)
Dimensionless damping frequency versus dimensionless ﬂuid
velocity for different values of Knudsen number.
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Figure 4 Dimensionless natural frequency versus dimensionless
damping frequency for different values of dimensionless ﬂuid
velocity. (a) / ¼ 0, (b) / ¼ p=4 and (c) / ¼ p=2.
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ity, respectively. Results indicate that viscous ﬂuid increases
natural frequency very little. This fact can be more obvious
at higher modes and higher values of ﬂuid velocities. However,
the effect of viscosity on the vibration and instability of the
system may be ignored especially for lower modes. It should
be noted that, this is the same as observations made by [18].
Variation of dimensionless natural and damping frequen-
cies versus dimensionless ﬂuid velocity for different values ofbf is illustrated in Fig. 7a and b, respectively. It can be found
from Fig. 7a and b that in the stability region ð0 < U < UdÞ
the effect of bf is evident for higher values of ﬂuid velocities.
Moreover the stability of the system and critical ﬂuid velocities
are decreased with increasing the values of bf.
Fig. 8 depicts the small scale effect ðlÞ on the dimensionless
natural frequency of Y-SWCNT versus dimensionless ﬂuid
velocity. As can be observed, the small scale effect is more
apparent at higher modes. Indeed, at the lowest two natural
frequencies, small scale parameter does not change the dimen-
sionless natural frequency signiﬁcantly. However, it is seen
that increasing the small scale parameter decreases dimension-
less natural frequency. This is because increasing the nonlocal
parameter implies decreasing interaction force between nano-
tube atoms, and that leads to a softer structure. Also it is evi-
dent that critical ﬂuid velocities are decreased as the small scale
parameter is increased.
Inﬂuences of the Winkler and Pasternak elastic foundations
on the dimensionless natural frequency of the Y-SWCNT for
the lowest four modes are depicted in Fig. 9a and b, respec-
tively. It is seen from Fig. 9a and b that for a given ﬂuid
velocity, before the system becomes unstable at Ud, the higher
the Winkler and the higher Pasternak constants, the higher is
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Figure 7 (a) Effect of bf on dimensionless natural frequency with
changing dimensionless ﬂuid velocity. (b) Effect of bf on dimension-
less damping frequency with changing dimensionless ﬂuid velocity.
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Figure 8 Dimensionless natural frequency versus dimensionless
ﬂuid velocity for different values of small scale parameter.
572 A. Ghorbanpour Arani, M.Sh. Zareithe natural frequency. It is because increasing the Winkler and
Pasternak constants increases the stiffness of system. Also the
critical velocities in increased as the elastic constants increases.
Moreover it should be mentioned that inﬂuences of the Win-
kler elastic foundation become more prominent for lowest nat-
ural frequency which is the same as observations made by [34];
while the effects of Pasternak foundation is more apparent at
higher modes.
Dimensionless frequency with respect to dimensionless ﬂuid
velocity is shown in Fig. 10 for four different cases including:
Case1: Without considering Knudsen number and magnetic
properties of ﬂuid (based on Eq. (11)).
Case2: Ignoring Knudsen number and considering mag-
netic properties of ﬂuid (based on Eq. (10)).
Case 3: Considering Knudsen number and ignoring mag-
netic properties of ﬂuid (based on Eq. (11)).
Case 4: Considering Knudsen number and magnetic prop-
erties of ﬂuid (based on Eq. (10)).
Comparing cases of 1 and 3 or 2 and 4, it can be found that
the dimensionless frequency decreases with considering the
Knudsen number. Hence, the frequency is signiﬁcantly inﬂu-
enced by the Knudsen number and the small-size effects ofthe ﬂow ﬁeld on the stability characteristics of the system can-
not be ignored. In this regard, it can be concluded that ignor-
ing the dependency of nanoﬂow velocity on Knudsen number
0 20 40 60 80 100 120
-20
-10
0
10
20
30
Present work
Ref. [35]
φ=0o
mode 1
mode2
4edom3edom
-5
0
5
10
15
20
Present work
Ref. [35]
φ=45o
mode 1
mode 2
4edom3edom
0 20 40 60 80 100 120
-2
0
2
4
6
8
10
Present work
Ref. [35]
φ=90o
mode 1
mode 2
mode 3
mode 4
Dimensionless frequency, Im (λ)
0 20 40 60 80 100 120
Dimensionless frequency, Im (λ)
Dimensionless frequency, Im (λ)
D
im
en
si
on
le
ss
 fr
eq
ue
nc
y,
 -R
e 
(λ
)
D
im
en
si
on
le
ss
 fr
eq
ue
nc
y,
 -R
e 
(λ
)
D
im
en
si
on
le
ss
 fr
eq
ue
nc
y,
 -R
e 
(λ
)
(a)
(b)
(c)
Figure 11 Comparison of the dimensionless natural frequency
versus dimensionless damping frequency for simpliﬁed analysis of
the present work and Ref. [35] (a) / ¼ 0, (b) / ¼ p=4 and (c)
/ ¼ p=2.
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Figure 9 (a) Dimensionless natural frequency versus dimension-
less ﬂuid velocity for various Winkler modulus. (b) Dimensionless
damping frequency versus dimensionless ﬂuid velocity for various
Winkler modulus.
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Figure 10 Dimensionless frequency with respect to dimension-
less ﬂuid velocity for four different cases including: Case 1:
Without considering Kn and magnetic properties of ﬂuid, Case 2:
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vibrational behavior of nanoﬂuidic devices in NEMS. It is also
observed that the dimensionless frequency is decreased when
the magnetic properties of ﬂuid is considered (i.e. cases of 1
and 2 or 3 and 4).
In the absence of similar publications in the literature
covering the same scope of the problem, one cannot directly
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Figure 12 (a) Comparison of the dimensionless natural frequency
versus dimensionless ﬂow velocity between present work and Ref.
[36]. (b) Comparison of the dimensionless damping frequency versus
dimensionless ﬂow velocity between present work and Ref. [36].
574 A. Ghorbanpour Arani, M.Sh. Zareivalidate the results found here. Therefore, the present study
can be partially based on a simpliﬁed analysis suggested by
Wang and Dai [35] on the vibration and stability of ﬂuid-con-
veying pipes with two symmetric elbows ﬁtted at downstream
end. The results obtained by b ¼ 0:2 are shown in Fig. 11a–c
for / ¼ 0; / ¼ p=4 and / ¼ p=2, respectively are in good
agreement with obtained results by Ref. [35].
In another attempt, in order to validate the solution
method, the present results obtained by Galerkin method,
can be compared with Ni et al. [36] who investigated appli-
cation of the transformation method to vibration analysis of
pipes conveying ﬂuid. As can be seen from Fig. 12a and b,
the present results match with those reported by Ni et al.
[36], indicating the validation of our work.
7. Conclusions
Vibration and stability characteristics of a clamped-free Y-
SWCNT were investigated based on the nonlocal elasticity
theory in conjunction with the Euler–Bernoulli beam model.
The effect of surrounding elastic medium, such as the shear
constant of the Pasternak type was taken into account. The
small-size effects and slip boundary conditions of nano-ﬂowthrough Knudsen number were considered. The Galerkin
method was applied to solve the differential equation of
motion. The obtained results might be useful for the design
and improvement of switching devices or diodes, electronic
circuits and nanotransistors. The following conclusions
may be made from the results:
 Results indicate that the stability of the system is signiﬁ-
cantly inﬂuenced by the angle between the centerline of
the CNT and the downstream elbows. Flutter does not
occur at any modes by increasing / from zero to p=2.
 Increasing the Knudsen number decreases the critical ﬂuid
velocities and natural frequency of the system.
 Since the natural frequency and critical ﬂuid velocity is
decreased with increasing the small scale parameter, using non-
local elasticity theory yields more accuracy than local theory.
 The effect of ﬂuid viscosity on the vibration and instability
of Y-SWCNTs may be ignored.
 Considering surrounding elastic medium increases the natu-
ral frequency.
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a1 ¼ lBt2q sin2 c; a2 ¼ lleU; a3 ¼ lr; a4 ¼ lleb;
a5 ¼ 1 l Mf2U2dðx 1Þ  lU2 cosuþ lGsÞ þ lBt2 cos2 c

þ Bt2q sin2 c
a6 ¼ leU 2lU2 Mf2 @dðx 1Þ
@x
; a7 ¼ 2lU½bþ bfedðx 1Þ
a8 ¼ Mf2U2dðx 1Þ  Bt2 cos2 cþU2 cosu Gs
 lU2 Mf2 @
2dðx 1Þ
@x2
 lkw;
a9 ¼ ½lcþ lebþ 4lUbfe
@dðx 1Þ
@x
þ lBf2 cos2 c;
a10 ¼ r l 1þ b2Tdðx 1Þ
	 

a11
¼ 2U ðbþ bfedðx 1ÞÞ  2lbfe
@2dðx 1Þ
@x2
 
;
a12 ¼ 2lb2T
@dðx 1Þ
@x
; a13 ¼ cþ Bf2 cos2 c;
a14 ¼ 1þ b2Tdðx LÞ  lb2T
@2dðx 1Þ
@x2
; a15 ¼ kw: ðA1ÞReferences
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